This is a short write-up on the modification of the immersion and invariance algorithm (proposed by Astolfi and Ortega) for systems with algebraic constraints.
Consider a smooth dynamical system of the forṁ x = f (x, y) + g(x, y)u h(x, y) = (c 1 , . . . , c q )
T c ∈ IR q is a constant on a smooth manifold X of dimension n + q. Locally, f (·, ·) : IR n × IR q → IR n , g(·, ·) :
We wish to propose a constructive procedure to synthesize a feedback control law to asymptotically stabilize the system to an operating condition (x * , y * ) in a region U ⊂ X .
. The rank condition on the gradient ensures that the system evolves on an immersed submanifold S of dimension n. S is described by the coordinate slice
where
An alternate characterization of S is through a set of n parameters -
where π i : IR n → IR are smooth functions.
Philosophy of immersion and invariance:
The objective of the control philosophy based on the immersion and invariance technique is to asymptotically stabilize the system to (x * , y * )
in a region U ⊂ X in the following way.
1. Construct an immersed submanifold M of X of dimension p < n sitting in S (M ⊂ S ⊂ X ) and containing (x * , y * ), and make it invariant using a feedback control law u i .
This implies all trajectories originating in M stay in M for all time (backward and forward)
2. Make the manifold M attractive in U S. This implies that trajectories originating anywhere in U S would be attracted towards M . Further, we make this attraction "asymptotic."
. Remark 1 Since M is an immersed submanifold of X sitting in S (M ⊂ S ⊂ X ), M could be described once again as a coordinate slice as M = {(x, y) ∈ U : ψ 1 (x, y) = 0, . . . , ψ n−p (x, y) = 0, φ 1 (x, y) = 0, . . . , φ q (x, y) = 0 )} Additional constraints to describe M Constraints to describe S where ψ 1 , . . . , ψ n−p are smooth functions from U to IR, with the assumption
. As before, an alternate characterization of the manifold M in terms of p parameters -
where κ i ,π i : IR p → IR are smooth functions. Through this parameterization, given
The dynamics on the manifold M is described bẏ
with the equilibrium defined as
1. Objective 1 involves (a) A vector field α(η) that governs the evolution of η as
and satisfies
Asymptotic stability (b) The selection of the functions κ,π and a feedback control u i (κ(η),π(η)) to satisfy
For objective 2, any initial condition in U S must not grow unbounded and also move towards M. This involves choosing the control u of f (where the subscript of f denotes being "off" the manifold M) and hence the dynamics of the ψ i s such that
The dynamics of ψ = (ψ 1 , . . . , ψ n−p ) T could be written as
where β(·) ensures the previous condition. However, to synthesize the control law, an explicit expression forẏ would be required.
Remark 2 Please note that so far the assumption is only on the rank condition on the gradient of h. In many applications, y may be an implicit function of x and hence the functions ψ i s could be modified asψ i s that are functions of x alone. In this case, we have ∂ψ ∂xẋ = β(ψ(x))
Substituting for the dynamics of x, we have
where u of f (x, y) is the feedback control law in operation outside the manifold M (offmanifold). u of f (ψ(x, y), .
